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Damping in Beams with Multiple Dry Friction Supports

D. M. Tang,* E. H. Dowell,f and J. E. AlbrightJ
Duke University, Durham, North Carolina

An equivalent linear viscous damping formula for beams with rather general dry friction support conditions is
proposed. The effect of normal force support reaction at the dry friction support on response is also discussed.
Comparisons of experimental results to those obtained from an approximate solution and numerical time integration
are made. Generally good agreement is found among the several results.
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Nomenclature
= beam length, cm
= positions of dry friction support, cm
: adl = adl/a, ad2 = ad2/a
- modal generalized coordinate, cm
= beam width, cm
= modulus of elasticity, kg/cm2

= force and force amplitude, kg
= excitation frequency, Hz
= nth mode natural frequencies of beam, Hz,

rad/s
= beam thickness, cm
= beam moment of inertia, cm4

= total number of dry friction supports, sup-
port number

= generalized mass of nth mode, kg-s2/cm
= mass per unit length, kg-s2/cm2

= normal load, kg
= horizontal resultant for zth span beam, kg
= mode numbers
= time, s
= horizontal and lateral beam displacement,

cm
= lateral beam displacement with support re-

action included, cm
= x/a
- Cartesian position coordinate on beam
= force position, cm
= 1 — wr/w
-- modal function of nth mode
= coefficient of friction
= equivalent damping ratio of nth mode
= derivative with respect to x
-- time derivative

However, introducing dry friction makes the analytical model
more complex and the prediction of system behavior more
difficult. Much of the previous work1"12 was done to develop
some analytical technique for application to a dry friction
damped system. The equivalent viscous damping method pro-
posed by Den Hartog3 and Timoshenko et al.4 has been the
most widely used. Other time and frequency domain methods
for a multiple-degree-of-freedom dry friction damped system
also have been applied. Comparison of analytical predictions
with experimental results has been made as well. An important
distinction is between dry friction elements that provide a force
in the direction of the principal motion (as in the work of Den
Hartog) vs those that provide a force perpendicular to the
direction of principal motion as studied in Refs. 1 and 2 and
the present paper.

References 1 and 2 proposed an equivalent linear viscous
damping formula for beams and plates due to slipping at the
support boundaries. The objective of this study is to extend
Do well's formula to beams with more general dry friction sup-
port conditions and to provide the basis for an approach to
control vibration levels in beams and plates using dry friction
damping.

In this paper, an equivalent linear viscous damping is derived
based upon the use of component mode synthesis.12'13 This
method has been extended recently to study nonlinear, noncon-
servative systems. The effect of normal force support reaction
at a dry friction support on vibration response (modal damp-
ing ratio) is also analyzed. The design of the beam experimental
apparatus and the utilization of the associated instrumentation
are also described in this paper. Comparisons of the experi-
mental results to those obtained from the approximate solution
and numerical time integration are made to confirm the accu-
racy of the analytical approach. In general, the experimen-
tal results are reasonably close to those of the theoretical
solutions.

Introduction

DRY friction is often encountered in engineering structures.
Because of its ability to dissipate energy, dry friction

damping has been purposely applied to mechanical systems to
reduce their vibration levels and improve control performance.
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Problem Formulation
Reference 1 gives an expression for equivalent viscous damp-

ing due to dry friction in the case of arbitrary lateral boundary
conditions at each end of the beam. As an extension, we will
discuss damping with multiple dry friction support elements.
For example, consider a mathematical model for a pinned-
pinned beam with two intermediate dry friction supports. See
Fig. 1. The beam is assumed to be uniform. At the dry friction
supports d\ and d2, the normal loads and dry friction co-
efficients are Ngl, 7Vg2, and ju l5 /j2, respectively. External force F
is concentrated at point XF. The horizontal resultant force in
each span beam is Nxi, Nx2, and Nx3.

The natural frequencies and modes of the above given sys-
tem can be determined using the method presented by
Dowell.13
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Here, we shall consider two kinds of longitudinal bound-
ary supports: u(x = 0) = u(x = a) = 0 and u(x = 0) = 0,
u(x = a) ̂  0. Arbitrary lateral end support boundary condi-
tions are allowed.

ii(jc=0)=ii(jc=a)=0
We simplify our discussion to a single mode. The beam

deflection w is expressed in modal form as

w(x, f) = an(t)(t>n(x)

where (j>n(x) is the modal function of the given beam.
The total kinetic energy is expressed as

= \ [
Jo

(1)

(2)

where

Mn = mcfrl dx

The potential energy is defined as

dw\2

— \8xJ
The total potential energy is

The virtual work can be expressed as

(3)

(4)

The Lagrangian L = T — V can be formed and Lagrange's
equations are

(5)

where gn =
This gives

n(an + o>2 flj + ^M \Nxl r1 (<i>'n)2 dx + N* f^ ((/>;
L Jo Ja<n

+ ̂ ,3 f ((/>;)2
J(*d2

•dx

(6)

For the unknown horizontal resultants Nxl9 Nx2, and Nx3, we
find the following three additional equations:

If \Nxl - Nx2\ > HiNgi and |A^2 - Nx3\ > )U2A^2, slip occurs at
both intermediate supports.

Taking a free-body diagram of the dry friction support d\9
gives (see Ref. 1)

= NX2 + ̂ Ngl SignLx | (0;)2 dxl (7)

where the [. . .] term is the in-plane beam velocity at the dry
friction support.

In a similar manner, another equation can be obtained from
support J2,

;)2 dx (8)

Now we consider the whole beam. It is found that

Nxladl + Nx2(ad2 - adl) + Nx3(a - ad2)

-f-2 r<w2 Jo
(9)

From Eqs. (7-9), one may obtain three equations for Nxl9
Nx2, and Nx3. Substituting these into Eq. (6), one may obtain
a final nonlinear equation for an,

Mn(dn + a)2 an) + al —— (<K)2 dx + ̂ -
2a 0 2a

!_«/" _l

c r*d\
x ^[t^a - adl) + *2(tf - ad2)] ((/>;)2 dx

I Jo
Cad2

+ [^2(« — ad2) — ̂ 1^1] (^n)2 dx
Jfl</i

f- , 1
— [t\adl + /2«^2] (</>«) dx > = F(j)n(xp) (10)

J«^2 J

where

t2 = /

, no slip oc-Tf IA/^ A/^ I <•" f i AT unH I \T AT \ <^ i11 UVjj-j — -'"jc2 ^ t^\^g\ <*^tl UVJP2 — J *A:3 ^ A

curs at either intermediate support.
The governing equation is now of the Duffing type, as

M(& W 2 a ) a3^n[fadl
 (d)'}2dx]2 1

" 2 (flrf iUo " J ad2-adl

__i_rr (w^ - ̂ 2 LL2
(11)

Of course, slipping might only occur at one intermediate
support, but not the other.

If \Nxl - Nx2\ > frNgi and {N^ - Nx3\ < ̂ i2Ng2, the motion
equation is

U« ((/>;)
«

3 Ehb | 12n"^~te - (Vrf2

J. <«
-fOrfl «o
Jo

(12)

Consider further Eq. (10); we shall simplify our discussion
by having the same slipping condition at both supports, i.e.

Ngi = N& = Ng and Mi = M2 = J"

The motion equation can be represented as

Ehb f Ca I2

Mn(dn + o>2 flj + «2 —— M «O2 dx J

where
Ca
\

(13)

a- ad2 - adl)

r<*d2
x (</>'n

J«rfl

)2dX-(adl+ad2)
r<* "I
\ (W2d*

Jad2 J
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Now assume simple harmonic motion,

F = Fc coscot + Fs sincot

a» = an coscot

sign(anan) = — sin2cot
71

a* = a^(3 coscot/4 + cos3cot/4)

Using these results in Eq. (13) and balancing harmonics, one
obtains

Mn(o>l - <o*)an + 1 ——

'/
-Dan=Fscbn(xF)

' (fa)2 dxT = Fc<j>n(xF)
° J (14)

From Eqs. (14), one can construct a cubic in <% that can be
used to determine the response.

If the nonlinear stiffness cubic term is neglected in Eqs. (14),
then an approximation for the modal damping ratio can be
determined as

(15)

For this case, the horizontal motion of one end boundary
pinned support is not constrained. The horizontal resultant Nx3
is zero.

In this case, the governing equations are

Mn(an + co2
nan)+an \NX

where

)2 dx

(16)

Nxl = Nx2 + /! and Nx2 = t2.
When slip of both supports d\ and d2 occurs, one may

obtain a nonlinear equation for #„,

Mn(an anan) = F<l>m(xF) (17)

where
r*M
I (0 /

Jo

Nx2 d2 Nx3 d3

31

- (1, 775 v7

-J N

d2

Fig. 1 Beam geometry.

When slip of only one support d2 occurs, the motion equa-
tion is

Ehh f Cad} ~\2

—— al\ (cbtf dx \
2aai [Jo J

+ anD2 Sign(andn) =

where
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a) Modal damping vs ad.

0.2 0.4 0.6 0.8
AD

b) Natural frequencies vs ad.

.0 .2 .6 .8
X

(18)

1.0 1.2

1.0 1.2

1.2

c) Mode shapes, ad = 0.6.

Fig. 2 Cantilevered beam with a pinned dry friction support.
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Fig. 3 Cantilevered beam with a pinned dry friction support for Ng = 10 kg, ad = 0.6.

Referring to the previous treatment, an equivalent viscous
damping ratio can be derived as

1
;(D12orD2) (19)

Equation (19) can be extended to the more general case of
many supports. If there are K span dry friction supports and
slip at all supports occurs, the equivalent viscous damping is
expressed as

(20)

where

f""2
I (*r n)

Ja<i\

(<t>'n)2dx

and Ngk and \ik are the normal load and dry friction coefficient
at the kth support.

Examples
Here we consider several examples. The first few examples

are for a cantilevered beam with different end boundary condi-
tions and a single dry friction support and lead to comparisons
with experimental and numerical results. The next few exam-
ples consider beams supported at both ends with and without

horizontal constraint at one boundary. The last example con-
siders multiple dry friction supports.

Cantilevered Beams
First, we discuss a clamped-free beam with a pinned dry

friction support. The equivalent damping ratio can be obtained
from Eq. (19) when we set adl = ad2 = a&

WO2 (21)

Figure 2a shows the results for the damping ratio vs ad.
The maximum values occur when ad = \. In the region of
ad = 0.8 — 1, the first mode damping is larger than the others.
In the region of small ad, the second and third modal damping
ratios are larger than the first one and the third is larger than
the second.

Figure 2b shows natural frequencies vs ad and Fig. 2c the
mode shapes for ad = 0.6.

Figure 3a compares the responses over a range of excitation
frequencies as obtained from the approximate solution and
from numerical integration for <^/= 0.6, 7^=1 Okg. The
agreement is excellent for large excitation forces, but not so
good for small forces, as shown in Fig. 3b. The reason can be
explained with the help of Figs. 3c and 3d, which show the time
histories of Nx. In this case, small beam deflections occur in the
region away from the resonance frequency and stick or slip/
stick phenomena appear.
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Fig. 4 Cantilevered beam with a pinned dry friction support for Ng/F0=W.
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Fig. 5 Modal damping vs ad for supported-free beam with a pinned dry
friction support.
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Fig. 6 Modal damping vs dd for supported-free beam with a clamped
dry friction support.
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Fig. 7 Modal damping vs ad for pinned supported beam with a pinned
dry friction support.
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Fig. 8 Frequency response curves for supported beam with a pinned dry
friction support and u(x = 0) = u(x = a) = 0, ad = 0.4.

Figure 4a shows the beam deflection at resonance vs the
excitation force for constant ratio Ng/F0 =10. The comparison
of the approximate solution with the numerical integration
solution is also shown in the same figure. It is found that the
response amplitude is almost independent of excitation force;
the agreement between the two results is good. Figure 4b shows

frequency response curves for several normal loads in the case
of constant normal/excitation force ratio Ng/F0 = 10. The reso-
nance bandwidth enlarges as the normal load increases. How-
ever, the amplitude at the resonance frequency has a nearly
constant value. This means that increase of the normal load
changes only the damping ratio of this system, but does not



NOVEMBER 1987 DAMPING IN BEAMS 825

change its maximum amplitude.
The second example considered is a pinned supported-free

beam with a pinned dry friction support. In this case, although
we still use Eq. (21) to calculate the damping, the system modal
parameters must be recalculated. Figure 5 shows the results for
damping vs ad. The shape of these curves is similar to those of
Fig. 4a, but the damping ratio is larger than that of Fig. 4a.

The next example is a pinned supported-free beam with a
clamped dry friction support. In this case, both a displacement
and rotation constraint condition must be simultaneously
satisfied. Figure 6 shows the results for damping vs ad. It is
found that the damping decreases because of the clamped sup-
port. The maximum modal damping value is less than about
50%, as compared with that of Fig. 5.
Beam with Both Ends Supported

u(x = 0) = u(x = a) = 0
The motion equation can be obtained by substituting

ad\ — <*d2 = <*d into Eq. (13). The equivalent damping ratio can
be represented as

Note that £n ->0 when ad ->0, 0.5, and 1.0, as expected.
Figure 7 shows the results for damping vs ad for the pinned

supported-beam with a pinned dry friction support. The curves
are symmetrical about the middle span. The position corre-
sponding to maximum damping is ad — 0.3 for the first and
third modes and 0.4 for the second mode. In these curves there
are several minima.

Figure 8 shows the comparison of the approximate solution
and that obtained from the numerical integration for the fre-
quency response curve of the first mode. There is an unstable
boundary in the region of 29-34 Hz. It is difficult to determine
this boundary line from numerical integration. The good agree-
ment in the stable region indicates that the approximate equiv-
alent damping ratio calculation is reliable.

Figure 9 shows the results of damping vs adfor the supported
beam with a clamped dry friction support. The curves again
have symmetry about the middle span. As compared with Fig.
7, the maximum damping is smaller by about 8-10% for the
first three modes. These are located at ad = 0.35 for the first
mode, 0.46 for the second mode, and 0.41 for the third mode.

Figure 10 shows the results of damping vs ad for the
clamped-supported beam with a pinned dry friction support.
As compared with Fig. 7, the maximum damping is little
changed. These are located at ad = 0.27 for the first mode, 0.61
for the second mode, and 0.72 for the third mode.

u(x = 0) = 0, u(x = a

The motion equation and equivalent damping ratio will be
obtained from Eq. (19), setting adl =ad2 = ad. The damping
formula is the same as Eq. (21) with the appropriate modal
parameters. Figure 11 shows the results of damping vs ad for
the supported beam with a pinned dry friction support. As
compared with Fig. 7, it has a very different character. The
maximum damping is 6 times higher than that of Fig. 7 for the
first mode, 3.6 times for the second mode, and 3.3 times for the

.012
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.002

.0
:0 .2 .6 1.2

a,
Fig. 10 Modal damping vs dd for clamped-supported beam with a
pinned dry friction support.

.2 .8.4 .6
a.

Fig. 11 Modal damping vs ad for supported beam with a pinned dry
friction support and u(x = 0) = 0, u(x = a) ̂  0.

Fig. 9 Modal damping vs ad for supported beam with a clamped dry
friction support.

Fig. 12 Modal damping vs atf2, adl = 0.5 for supported beam with two
pinned dry friction supports and u(x = 0) = (x = a) = 0.
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third mode and is located at ad = 1. As compared with Fig. 5,
the damping ratio is smaller by about 40% for the first mode
at ad = 1, because of the effect of the boundary pinned support
on the natural frequency and mode.

Supported Beam with Multiple Pinned Dry Friction Supports

Supported Beam with Two Pinned Dry Friction Supports
. Here, we set adl = 0.5 and vary ad2 from 0 to 1. Figure
12 shows the results of damping for the case of u(x = 0) =
u(x = a) =0. These form a symmetrical curve about the middle
span. When ad2-^Q and 1, the curves abruptly change. When
the support position approaches the boundary, the mode shape
undergoes a sudden change because the boundary support is
transformed from two very close pinned supports to a single
pinned support. The maximum damping is located at
ad2 = 0.82 for the first mode, 0.84 for the second mode, and
0.78 for the third mode. For the first mode, the damping curve
is quite flat. The maximum damping ratio is almost two times
higher than that of Fig. 7.

Figure 13 shows the results of damping vs ad2 for the case of
u(x = 0) = 0, u(x = a) 7^ 0. The maximum damping ratio is lo-
cated at ad2 = 1 for the first mode and 0.43 for the second. The
damping curve of the third mode is rather flat. As compared
with Fig. 11, it is found that the modal damping decreases as
the number of dry friction supports increases. This is because
the modal damping varies inversely as the square of the natural
frequency. In vibration analysis, it is often convenient to ex-

Fig. 13 Modal damping vs afo adl = 0.5 for supported beam with two
pinned dry friction supports and u(x — 0) = 0, u(x = a) ^ 0.

6.6

6.0

5.4

?_ 4.8<^

42

3.6

3.0
0 10 20 30 40 50

K

Fig. 14 Real damping vs number of dry friction supports for supported
beam with multiple dry friction supports (note: only integer values of K
are meaningful).

press a real damping in terms of the product of natural fre-
quency and modal damping. The real damping vs the number
of dry friction support will be discussed below.

Supported Beam with Multiple Pinned Dry Friction Supports
As a special example, we assume that K pinned dry friction

supports are uniformly distributed along the span and they
have the same slipping condition at each support. Figure 14
shows the results of real damping vs the number K of dry
friction supports for the case of u(x = 0) =0, u(x — a) ̂  6. It is
found that the real damping increases as the number K in-
creases and approaches an asymptotic value for large K. On the
other hand, the critical damping ratio decreases as K increases.

Effect of Support Reaction on Response
As was stated above, the normal load was assumed constant,

i.e., independent of external force. Now, we consider the effect
of the change in the normal load due to support reaction. The
theoretical niodel analyzed is shown in Fig. 15a. The analytical
method and symbols and subscripts are defined as before.

When slip occurs

where A7V is the additional normal force support reaction due
to the lateral motion of the beam.

Taking a free body diagram about the dry friction support,
as shown in Fig. 15b, it follows that

= S+ - = -F0 sincot + Mdn + Kan

where

Using the above results, we undertake a numerical integra-
tion. Define 6 by the equation

(5 = 1 — wr/w

where wr is the response deflection with the normal force sup-
port reaction included.

a) Beam geometry.

El-

G
x=0

x=0
x

b) Free body diagram about the dry friction support.

Fig. 15 Support reaction.
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Theory

—— _ — —— Experiment

Mode 3

Fig. 18 Cantilevered beam with a
pinned dry friction support: natural
frequencies vs ad.

i.o 1.2

Figure 16a shows the results of 6 vs F0 for ad = 0.6 and the
excitation frequency equal to the first natural frequency. When
the excitation force is equal to twice the nominal normal load,
the response variation only reaches about 10%. This result can
be explained by Fig. 16b, which shows typical time histories for
the dry friction force. It is found that, in every cycle, the work
done by dry friction is very nearly the same with or without the
normal force support reaction included. Typical displacement
time histories are shown in Fig. 16c.

Experiment
In order to check the validity of the theoretical results, vibra-

tion tests were performed on a steel beam, 66.5 cm in length
and 2.54 x 0.158 cm in cross section. One end is clamped on a
very heavy steel table. The other end is free. A pinned support
provides a dry friction element that can be moved to various
positions. It has a very light upper test piece made of alu-
minum. The lower test piece is made of steel and has a polished
rubbing surface that is clamped on the same table. A dry fric-
tion force is generated by the relative motion between the two
test pieces, which are held together with a nominally constant
normal load. The normal load is provided by a mass block
hung from the center of the upper test piece by a long cable.
The experimental setup is shown in Fig. 17.

There are four major components of the vibration test: exci-
tation, measurement, recording, and analysis. An electric mag-
netic shaker was used to excite the beam. It was driven by a sine
generator. In order to reduce the effect of the additional mass
of the joint components between the shaker and the beam on
the beam vibration characteristics, the position of the driving
point is located near the completely clamped end.

The force transducer (B&K 8200) and displacement trans-
ducer (R30D) are used to measure the exciting force and dis-
placement response of the beam. The displacement transducer
also has only a small added mass. The charge amplifier (B&K
2635) is a portable conditioning amplifier that provides high-
voltage output sensitivity for the force. Digital voltage meters
were used to record all signals and to analyze natural frequen-
cies and modal damping ratios.

In addition to the effect of added mass, another consider-
ation in the design of the experiment was how to minimize the
additional constraint due to joining the R30D with the beam.

The contact between the needle and the beam must provide
sufficient flexibility to avoid an additional stiffness constraint
when large-amplitude vibration occurs. A flexible needle with a
pinned end was used to satisfy this requirement.

The coefficient of dry friction used in the response calcula-
tion was determined from the value measured in Ref. 2.

Frequency, displacement, and exciting force were continu-
ously recorded by an HP reel-to-reel tape deck. These data
were transferred onto a Zonic computer, which averaged a
minimum of 20 readings for the 3 modes at each tested point on
the beam. The damper was placed at eight different locations
on the beam.

Graphs of displacement divided by exciting force vs fre-
quency were then drawn by the computer. From these graphs,
the modal damping ratio for the first three modes was calcu-
lated by the half-power method.
Measurement of Material Damping

Damping inherent in the beam material was also measured.
While it is generally small compared to the damping due to dry
friction, it is not negligible.

Material damping values were obtained by removing the
shaker and exciting the beam with a modally tuned hammer.
The hammer defined the exciting force as the accelerometer
measured the displacement. These values were read directly by
the computer, which took six averages and produced similar
graphs of displacement divided by exciting force vs frequency.
Once again, the damping was calculated by the half-power
method. A viscous damper was used to model material damp-
ing in the theory.

Results
Theoretical results were generated for the following parame-

ters: natural frequency, modal damping (with and without ma-
terial damping), and mode shapes. Experimental results were
obtained for the dry friction damper placed in turn at eight
points along the beam, from ad = 0.372 (near the clamped end
of the beam) to ad = 0.944 (near the other end of the beam). A
5 kg normal force was used.

The measured natural frequency results (Figi 18) were very
close to the calculated frequencies. Agreement is particularly
good for the first two modes, while the third mode frequencies
are systematically slightly lower than calculated, but still follow
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Fig. 19 Cantilevered beam with a pinned dry friction support: modal damping vs ad, mode 1.

the trend predicted by the theory.
Damping results for the first mode can be seen in Fig. 19a

where the experimental results are compared to the theoretical
values (which include the measured material damping). A more
detailed comparison is given in Fig. 19b. This graph shows the
theory without material damping, material damping only,
theory with material damping, and experimental results for
total damping. Note here that the material damping generally
decreases as ad becomes larger, until the end of the beam is
approached where it increases again.

The smallest ad shows a measured material damping actually
larger than that measured for total damping. This is probably
the result of difference in the experimental procedure used to
determine material damping vs total damping, as well as the
effect the shaker may have had upon the total damping mea-

surement. The shaker was removed for the material damping
experiment. In Fig. 19a, note how closely the experimental
values follow the theory with the exception of ^ = 0.914.
Damping tends to increase for the larger ad.

Similar results are shown for the second mode in Fig. 20.
Note that in Fig. 20a the experimental values also follow the
trend of the theory very well. The largest discrepancy occurs at
the end of the beam. Again, the larger ad values provide more
damping.

The final (third) mode that was analyzed shows the largest
differences among all the results. See Fig. 21. The experimental
trends are similar to those of the theory. However, the theory
is consistently lower than the experiment for the third mode
(Fig. 2la). Nevertheless, the critical damping ratio predicted by
theory varies from experiment by only 0.008 at most.
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Fig. 20 Cantilevered beam with a pinned dry friction support: modal damping vs ad, mode 2.

Conclusions
1) The numerical simulation results have shown that the

equivalent linear viscous damping approximate solution has
good accuracy for the case where the lateral motion is suffi-
ciently large that slip occurs.

2) The equivalent damping ratio is dependent upon the
position of the dry friction support.

3) In general, the modal damping ratio is also dependent on
the end boundary conditions. From the point of view of in-
creasing modal damping, the free end is better than pinned and
the pinned end is better than clamped. For the pinned-pinned

beam, the boundary support without horizontal constraint is
better than that with one.

4) Generally, the pinned dry friction support can provide
more modal damping than that of the clamped.

5) Multiple span dry friction supports are not expected to
provide more modal damping than a single dry friction sup-
port, but they can provide more real damping.

6) The effect of support reaction at a dry friction support on
response (modal damping ratio) is very weak.

7) Theory provides an excellent prediction for the natural
frequency for a beam with a dry friction vibration damper
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Fig. 21 Cantilevered beam with a pinned dry friction support: modal damping vs ad, mode 3.

located at any position.
8) Good agreement for damping between theory and exper-

iment is generally achieved when material damping is included
in the theory.
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